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Abstract. A linear system of differential equations describing a joint motion of a
thermoelastic porous body with a sufficiently large Lame´’s constants (absolutelty
rigid body) and a thermofluid, occupying porous space, is considered. The rig-
orous justification, under various conditions imposed on physical parameters, is
fulfilled for homogenization procedures as the dimensionless size of the pores tends
to zero, while the porous body is geometrically periodic. As the results we derive
Darcy’s system of filtration for thermofluid, depending on ratios between physical
parameters. The proofs are based on Nguetseng’s two-scale convergence method of
homogenization in periodic structures.
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Introduction
In the present publication we consider a problem of a joint motion of thermoelas-
tic deformable solid (thermoelastic skeleton), perforated by a system of channels
(pores) and incompressible thermofluid occupying a porous space. In dimensionless
variables (without primes)
x′ = Lx, t′ = τt, w′ = Lw, θ′ = ϑ∗
L
τv∗
θ, ρ′s = ρ0ρs, ρ
′
f = ρ0ρf ,
the differential equations of the problem in a domain Ω ∈ R3 for the dimensionless
displacement vectorw of the continuummedium and the dimensionless temperature
θ, have a form:
ατ ρ¯
∂2w
∂t2
= divxP,(1)
ατ c¯p
∂θ
∂t
= divx(α¯κ∇xθ)− α¯θ ∂
∂t
divxw,(2)
P = χ¯αµD
(
x,
∂w
∂t
)
+ (1− χ¯)αλD(x,w)− (q + αθs(1 − χ¯)θ)I,(3)
q = p+
αν
αp
∂p
∂t
+ αθf χ¯θ,(4)
p+ χ¯αpdivxw = 0.(5)
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The problem is endowed with initial and boundary conditions
(6) w|t=0 = 0, ∂w
∂t
|t=0 = 0, θ|t=0 = 0, x ∈ Ω
(7) w = w0, θ = θ0, x ∈ S = ∂Ω, t ≥ 0.
Here and further we use notations
D(x,u) = (1/2)
(∇xu+ (∇xu)T ) ,
ρ¯ = χ¯ρf + (1− χ¯)ρs, c¯p = χ¯cpf + (1− χ¯)cps,
α¯κ = χ¯ακf + (1− χ¯)ακs, α¯θ = χ¯αθf + (1− χ¯)αθs.
In this model the characteristic function of the porous space χ¯(x) is a known func-
tion.
For more details about Eqs.(1)– (5) and description of dimensionless constants
(all these constants are positive ) see [1].
We accept the following constraints
Assumption 0.1. domain Ω = (0, 1)3 is a periodic repetition of an elementary cell
Y ε = εY , where Y = (0, 1)3 and quantity 1/ε is integer, so that Ω always contains
an integer number of elementary cells Y εi . Let Ys be a ”solid part” of Y , and the
”liquid part” Yf – is its open complement. We denote as γ = ∂Yf ∩ ∂Ys and γ
is C1-surface. A porous space Ωεf is the periodic repetition of the elementary cell
εYf , and solid skeleton Ω
ε
s is the periodic repetition of the elementary cell εYs. A
boundary Γε = ∂Ωεs ∩ ∂Ωεf is the periodic repetition in Ω of the boundary εγ. The
”solid skeleton” Ωs is a connected domain.
In these assumptions
χ¯(x) = χε(x) = χ (x/ε) ,
c¯p = c
ε
p(x) = χ
ε(x)cpf + (1− χε(x))cps,
ρ¯ = ρε(x) = χε(x)ρf + (1− χε(x))ρs,
α¯κ = α
ε
κ(x) = χ
ε(x)ακf + (1− χε(x))ακs,
α¯θ = α
ε
θ(x) = χ
ε(x)αθf + (1− χε(x))αθs,
Let ε be a characteristic size of pores l divided by the characteristic size L of the
entire porous body:
ε =
l
L
.
Suppose that all dimensionless parameters depend on the small parameter ε and
there exist limits (finite or infinite)
lim
εց0
αµ(ε) = µ0, lim
εց0
αλ(ε) = λ0, lim
εց0
ατ (ε) = τ0,
lim
εց0
αη(ε) = η0, lim
εց0
αp(ε) = p∗, lim
εց0
αν(ε) = ν0,
lim
εց0
ακf = κ0f , lim
εց0
ακs(ε) = κ0s, lim
εց0
αθf(ε) = β0f ,
lim
εց0
αθs(ε) = β0s, lim
εց0
αµ
ε2
= µ1.
We restrict our consideration by the case when when
µ0 = 0; λ0 = η0 =∞; β0s, β0f , ν0 τ0 <∞,
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0 < µ1 + τ0, p∗, κ0f , κ0s <∞.
The condition λ0 = η0 =∞ means that the solid skeleton is an absolutely rigid
body.
Using Nguetseng’s two-scale convergence method [2, 3] we show that the lim-
iting regime as ε tends to zero is described by two types of Darcy’s like system
of equations of filtration for the velocity of the liquid component, coupled with
corresponding heat equation.
Different isothermic models have been considered in [4]–[10]. The first research
with the aim of finding limiting regimes in the case when the skeleton was assumed
to be an absolutely rigid isothermal body was carried out by E. Sanchez-Palencia
and L. Tartar. E. Sanchez-Palencia [5, Sec. 7.2] formally obtained Darcy’s law
of filtration using the method of two-scale asymptotic expansions, and L. Tartar
[5, Appendix] mathematically rigorously justified the homogenization procedure.
Using the same method of two-scale expansions J. Keller and R. Burridge [4] derived
formally the system of Biot’s equations in the case when the parameter αµ was of
order ε2, and the rest of the coefficients were fixed independent of ε. Under the
same assumptions as in the article [4], the rigorous justification of Biot’s model
has been given by G. Nguetseng [6] and later by A. Mikelic´, R. P. Gilbert, Th.
Clopeaut, and J. L. Ferrin in [8, 9, 7]. The most general case has been studied in
[10].
§1. Formulation of the main results.
As usual, equations (1)-(2) are understood in the sense of distributions. They
involve the equations (1)– (5) in a usual sense in the domains Ωεf and Ω
ε
s and the
boundary conditions
[ϑ] = 0, [w] = 0, x0 ∈ Γε, t ≥ 0,(8)
[P] = 0, [αεκ∇xθ] = 0, x0 ∈ Γε, t ≥ 0(9)
on the boundary Γε, where
[ϕ](x0) = ϕ(s)(x0)− ϕ(f)(x0),
ϕ(s)(x0) = lim
x → x0
x ∈ Ωεs
ϕ(x), ϕ(f)(x0) = lim
x → x0
x ∈ Ωεf
ϕ(x).
There are various equivalent in the sense of distributions forms of representa-
tion of equations (1)–(2) and boundary conditions (8)–(9). In what follows, it is
convenient to write them in the form of the integral equalities.
Definition 1.1. Functions (wε, θε, pε, qε are called a generalized solution of the
problem (1)– (7), if they satisfy the regularity conditions in the domain ΩT =
Ω× (0, T )
(10) wε, D(x,wε), divxw
ε, qε, pε,
∂pε
∂t
, θε,∇xθε ∈ L2(ΩT )
in the domain ΩT = Ω× (0, T ), boundary conditions (7) with functions
wε0, θ
ε
0 ∈ L2((0, T );W 12 (Ω)),
equations
qε = pε +
αν
αp
∂pε
∂t
+ αθfχ
εθε,(11)
pε + χεαpdivxw
ε = 0(12)
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a.e. in ΩT , integral identity∫
ΩT
(
ατρ
εwε · ∂
2ϕ
∂t2
− χεαµD(x,wε) : D(x, ∂ϕ
∂t
)+
{(1− χε)αλD(x,wε)− (qε + αθs(1 − χε)θε)I} : D(x,ϕ)
)
dxdt = 0

(13)
for all smooth vector-functions ϕ = ϕ(x, t) such that ϕ|∂Ω = ϕ|t=T = ∂ϕ/∂t|t=T =
0 and integral identity∫
ΩT
(
(ατ c
ε
pθ
ε + αεθdivxw
ε)
∂ξ
∂t
− αεκ∇xθε · ∇xξ +Ψξ
)
dxdt = 0(14)
for all smooth functions ξ = ξ(x, t) such that ξ|∂Ω = ξ|t=T = 0.
In (13) by A : B we denote the convolution (or, equivalently, the inner tensor
product) of two second-rank tensors along the both indexes, i.e., A : B = tr (B∗ ◦
A) =
∑3
i,j=1 AijBji.
We suppose the next assumption to be held:
Assumption 1.1. Sequences {(√αµ+√αν)χε|∇∂wε0/∂t|}, {
√
αλ(1−χε)∇∂wε0/∂t},
{(√αp+
√
αεθ)divx∂w
ε
0/∂t}, {
√
ατ∂
2wε0/∂t
2}, {√ατ∂θε0/∂t}, {∇θε0} are uniformly
in ε bounded in L2(Ω).
In what follows all parameters may take all permitted values. If, for example,
τ0 = 0 , then all terms in final equations containing this parameter disappear.
The following Theorems 1.1–1.2 are the main results of the paper.
Theorem 1.1. For all ε > 0 on the arbitrary time interval [0, T ] there exists a
unique generalized solution of the problem (1)– (7) and
(15) max
0≤t≤T
‖|wε(t)|+√αµχε|∇xwε(t)|+ (1 − χε)√αλ|∇xwε(t)|‖2,Ω ≤ C0,
(16) ‖θε‖2,ΩT + ‖∇xθε‖2,ΩT ≤ C0,
(17) ‖qε‖2,ΩT + ‖pε‖2,ΩT +
αν
αp
‖∂p
ε
∂t
‖2,ΩT ≤ C0
where C0 does not depend on the small parameter ε.
Theorem 1.2. Sequences {χεwε}, {pε} and {qε} converge weakly in L2(ΩT ) to
wf , p, and q respectively. The sequence {θε} converge weakly in L2((0, T );W 12 (Ω))
to function θ. Functions wε admit an extension uε from Ωεs × (0, T ) into ΩT such
that the sequence {uε} converge strongly in L2((0, T );W 12 (Ω)) to zero. Weak and
strong limits v = ∂wf/∂t, q, p and θ satisfy in the domain ΩT the state equation
(18) q = p+ ν0p
−1
∗ ∂p/∂t+mβ0fθ,
the continuity equation
(19) (1/p∗)p+ divxw = 0,
the heat equation
(20) τ0cˆp
∂θ
∂t
− β0f
p∗
∂p
∂t
= divx(B
θ · ∇ϑ)
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and Darcy’s law in the form
(21) v = −
∫ t
0
B1(µ1, t− τ) · ∇xq(x, τ)dτ
in the case of τ0 > 0 and µ1 > 0; Darcy’s law in the form
(22) v = −B2(µ1) · ∇xq
in the case of τ0 = 0 and, finally, Darcy’s law in the form
(23) v = − 1
τ0ρf
(mI−B3) ·
∫ t
0
∇xq(x, τ)dτ
in the case of µ1 = 0. The problem is supplemented by the boundary condition
(24) (v − v0) · n(x) = 0, x ∈ S, t > 0
for the velocity of the liquid component and boundary and initial conditions
(25) τ0θ(x, 0) = 0, θ(x, 0) = θ0(x)
for the temperature.
In Eq.(20) symmetric strictly positively defined matrix Bθ is given below by for-
mula (53) and in Eqs. (21)–(23) n(x) is the unit normal vector to S at a point
x ∈ S, and symmetric strictly positively defined matrices B1(µ1, t), B2(µ1), and B3
are defined in [10].
§2. Preliminaries
2.1. Two-scale convergence. Justification of Theorems 1.1–1.2 relies on
systematic use of the method of two-scale convergence, which had been proposed
by G. Nguetseng [2] and has been applied recently to a wide range of homogenization
problems (see, for example, the survey [3]).
Definition 2.1. A sequence {ϕε} ⊂ L2(ΩT ) is said to be two-scale convergent to a
limit ϕ ∈ L2(ΩT × Y ) if and only if for any 1-periodic in y function σ = σ(x, t,y)
the limiting relation
(26) lim
εց0
∫
ΩT
ϕε(x, t)σ (x, t,x/ε) dxdt =
∫
ΩT
∫
Y
ϕ(x, t,y)σ(x, t,y)dydxdt
holds.
Existence and main properties of weakly convergent sequences are established
by the following fundamental theorem [2, 3]:
Theorem 2.1. (Nguetseng’s theorem)
1. Any bounded in L2(Q) sequence contains a subsequence, two-scale convergent
to some limit ϕ ∈ L2(ΩT × Y ).
2. Let sequences {ϕε} and {ε∇xϕε} be uniformly bounded in L2(ΩT ). Then there
exist a 1-periodic in y function ϕ = ϕ(x, t,y) and a subsequence {ϕε} such that
ϕ,∇yϕ ∈ L2(ΩT × Y ), and ϕε and ε∇xϕε two-scale converge to ϕ and ∇yϕ, re-
spectively.
3. Let sequences {ϕε} and {∇xϕε} be bounded in L2(Q). Then there exist func-
tions ϕ ∈ L2(ΩT ) and ψ ∈ L2(ΩT × Y ) and a subsequence from {ϕε} such that ψ
is 1-periodic in y, ∇yψ ∈ L2(ΩT × Y ), and ϕε and ∇xϕε two-scale converge to ϕ
and ∇xϕ(x, t) +∇yψ(x, t,y), respectively.
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Corollary 2.1. Let σ ∈ L2(Y ) and σε(x) := σ(x/ε). Assume that a sequence
{ϕε} ⊂ L2(ΩT ) two-scale converges to ϕ ∈ L2(ΩT × Y ). Then the sequence σεϕε
two-scale converges to σϕ.
2.2. An extension lemma. The typical difficulty in homogenization problems
while passing to a limit in Model (NB)ε as εց 0 arises because of the fact that the
bounds on the gradient of displacement ∇xwε may be distinct in liquid and rigid
phases. The classical approach in overcoming this difficulty consists of constructing
of extension to the whole Ω of the displacement field defined merely on Ωs. The
following lemma is valid due to the well-known results from [11, 12]. We formulate
it in appropriate for us form:
Lemma 2.1. Suppose that assumptions of Sec. 1.2 on geometry of periodic struc-
ture hold, ψε ∈ W 12 (Ωεs) and ψε = 0 on Sεs = ∂Ωεs ∩ ∂Ω in the trace sense. Then
there exists a function σε ∈ W 12 (Ω) such that its restriction on the sub-domain Ωεs
coincide with ψε, i.e.,
(27) (1− χε(x))(σε(x)− ψε(x)) = 0, x ∈ Ω,
and, moreover, the estimate
(28) ‖σε‖2,Ω ≤ C‖ψε‖2,Ωεs , ‖∇xσε‖2,Ω ≤ C‖∇xψε‖2,Ωεs
hold true, where the constant C depends only on geometry Y and does not depend
on ε.
2.3. Friedrichs–Poincare´’s inequality in periodic structure. The fol-
lowing lemma was proved by L. Tartar in [5, Appendix]. It specifies Friedrichs–
Poincare´’s inequality for ε-periodic structure.
Lemma 2.2. Suppose that assumptions on the geometry of Ωεf hold true. Then for
any function ϕ ∈
◦
W 12 (Ω
ε
f ) the inequality
(29)
∫
Ωε
f
|ϕ|2dx ≤ Cε2
∫
Ωε
f
|∇xϕ|2dx
holds true with some constant C, independent of ε.
2.4. Some notation. Further we denote
1) 〈Φ〉Y =
∫
Y
Φdy, 〈Φ〉Yf =
∫
Yf
Φdy, 〈Φ〉Ys =
∫
Ys
Φdy.
2) If a and b are two vectors then the matrix a⊗ b is defined by the formula
(a ⊗ b) · c = a(b · c)
for any vector c.
§3. Proof of Theorem 1.1
Under restriction τ0 > 0 estimates (15)-(16) follow from estimates
max
0<t<T
(
√
αλ‖(1− χε)∇xwε(t)‖2,Ω +√ατ‖∂w
ε
∂t
(t)‖2,Ω+
√
αp‖χεdivxwε(t)‖2,Ω +√ατ‖θε(t)‖2,Ω) + ‖∇xθε‖2,ΩT+
(30)
√
αµ‖χε∇x ∂w
ε
∂t
‖2,ΩT +
√
αν‖χεdivx ∂w
ε
∂t
‖2,ΩT ≤ C0,
where C0 is independent of ε. These estimates we obtain if we multiply equation
for wε by ∂wε/∂t, equation for θε multiply by θε, integrate by parts and sum the
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result. The same estimates (30) guaranties the existence and uniqueness of the
generalized solution for the problem (1)–(7).
Estimates (17) for pressures follows from Eqs.(11)–(12) and estimates (30).
Estimation of wε and θε in the case τ0 = 0 is not simple, and we outline it in
more detail.
First of all we use estimates (30) in the form
(31)
√
αµ‖χε∇xwε(t)‖2,Ω +√αλ‖(1− χε)∇xwε(t)‖2,Ω ≤ C0.
Next, on the strength of Lemma 2.1, we construct extensions uε and uε0 of the
functions wε and wε0 from Ω
ε
s into Ω
ε
f , such that u
ε = wε and uε0 = w
ε
0 in Ω
ε
s, u
ε
0
uniformly with respect to ε bounded in W 12 (Ω) and
‖uε − uε0‖2,Ω ≤ C‖∇x(uε − uε0)‖2,Ω ≤
C√
αλ
‖(1− χε)√αλ∇x(wε −wε0)‖2,Ω.
After that we estimate ‖wε‖2,Ω with the help of Friedrichs–Poincare´’s inequality
in periodic structure (lemma 2.2) for the difference (uε −wε) and estimates (31):
‖wε‖2,Ω ≤ ‖uε‖2,Ω + ‖uε −wε‖2,Ω ≤ ‖uε‖2,Ω + Cε‖χε∇x(uε −wε)‖2,Ω
≤ ‖uε‖2,Ω + Cε‖∇xuε‖2,Ω + C(εα−
1
2
µ )‖χε√αµ∇xwε‖2,Ω ≤
‖uε‖2,Ω + Cε√
αλ
‖√αλ∇xwε‖2,Ωεs + C(εα
− 1
2
µ )‖√αµ∇xwε‖2,Ωε
f
≤ C0.
The norm ‖θε‖2,Ω we estimate with the help of the usual Poincare´’s inequality
for the difference (θε − θε0) and estimate (30).
The rest of the proof is the same as for the case τ0 > 0.
§4. Proof of Theorem 1.2
4.1. Weak and two-scale limits of sequences of displacement, tem-
peratures and pressures. On the strength of Theorem 1.1, the sequences {θε},
{∇θε}, {pε}, {qε}, and {wε} are uniformly in ε bounded in L2(ΩT ). Hence there
exist a subsequence of small parameters {ε > 0} and functions θ, p, q, pi and w
such that
θε → θ, ∇θε → ∇θ, pε → p, qε → q, wε → w
weakly in L2(ΩT ) as εց 0.
Due to Lemma 2.1 there is a function uε ∈ L∞((0, T );W 12 (Ω)) such that uε = wε
in Ωs× (0, T ), the family {uε} is uniformly in ε bounded in L∞((0, T );W 12 (Ω)) and
uε → 0 strongly in L2((0, T );W 12 (Ω))
as εց 0.
Moreover,
(32) χεαµD(x,w
ε)→ 0,
strongly in L2(ΩT ) as εց 0.
Relabeling if necessary, we assume that the sequences converge themselves.
On the strength of Nguetseng’s theorem, there exist 1-periodic in y functions
Θ(x, t,y), P (x, t,y), Q(x, t,y), and W (x, t,y), such that the sequences {∇θε},
{pε}, {qε}, and {wε} two-scale converge to∇xθ+∇yΘ(x, t,y), P (x, t,y), Q(x, t,y),
andW (x, t,y) respectively.
Note that the sequence {divxwε} weakly converges to divxw.
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The same arguments we apply for the functions wε0 and θ
ε
0:
wε0 → w0
weakly in L2(ΩT ) as εց 0,
θε0 → θ0
weakly in L2((0, T );W 12 (Ω)) as εց 0 and the sequence {divxwε0} weakly converges
to divxw0.
4.2. Micro- and macroscopic equations.
Lemma 4.1. For all x ∈ Ω and y ∈ Y weak and two-scale limits of the sequences
{θε}, {pε}, {piε}, {qε}, {wε}, {∇xϑε} and {∇xuε} satisfy the relations
P = (1/m)χp, Q = (1/m)χq = (1/m)χ(p+ ν0p
−1
∗ ∂p/∂t) + β0fχθ;(33)
(1− χ)W = 0;(34)
q = p+ ν0p
−1
∗ ∂p/∂t+mβ0fθ;(35)
(1/p∗)p+ divxw = 0;(36)
((w −w0) · n(x) = 0, x ∈ S;(37)
divyW = 0.(38)
Proof. The weak and two-scale limiting passage in Eq.(11) yield that Eq.(35) and
(39) Q(x, t,y) = P (x, t,y) +
ν0
p∗
∂P (x, t,y)/∂t+Υ(y)θ(x, t), y ∈ Yf .
In order to prove equation (33), into Eq.(13) insert a test function ψε = εψ (x, t,x/ε),
where ψ(x, t,y) is an arbitrary 1-periodic and finite on Yf function in y. Passing
to the limit as εց 0, we get
(40) ∇yQ = 0, y ∈ Yf .
Next, fulfilling the two-scale limiting passage in the equality
(1− χε)pε = 0
we arrive at
(1− χ)P = 0
which along with Eqs.(39)–(40) justifies equation (33).
Eq.(36) and boundary condition (37) are derived quite similarly if we represent
Eq.(12) in the form
(41)
1
αp
pε + divx(w
ε −wε0) = (1− χε)divxuε − divxwε0,
multiply by an arbitrary function ψε = ψ(x, t), integrate, and then pass to the
limit as εց 0. Using now in (41) test functions in the form ψε = εψ(x, t,x/ε) we
obtain (38).
In order to prove Eq.(34) it is sufficient to consider the two-scale limiting relation
in
(1 − χε)(wε − uε) = 0.

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Lemma 4.2. For all (x, t) ∈ ΩT the microscopic equation
(42) divy{K(y)(∇xθ +∇yΘ)} = 0, y ∈ Y
holds true. Here K = κ0fχ+ κ0s(1 − χ).
Proof. First of all, using continuity equation (12) we rewrite the heat equation in
the form
(43) ατ c
ε
p
∂θε
∂t
= divx(α
ε
κ∇xθε)− αθs(1− χε)
∂
∂t
(divxu
ε) +
αθs
αp
∂pε
∂t
.
Substituting now a test function of the form ψε = εψ (x, t,x/ε), where ψ(x, t,y)
is an arbitrary 1-periodic in y function vanishing on the boundary ∂Ω, into cor-
responding integral identity, and passing to the limit as ε ց 0, we arrive at the
desired microscopic relation on the cell Y . 
In the same way, using a test function independent of the fast variable y/ε, we
get from Eq.(43)
Lemma 4.3. For all (x, t) ∈ ΩT the macroscopic equation
τ0cˆp
∂θ
∂t
− β0f
p∗
∂p
∂t
= divx{(κˆ0∇xϑ+ 〈K∇Θ〉Y }(44)
hold true. Here cˆp = mcpf + (1−m)cps, κˆ0 = 〈K〉Y .
Now we pass to the microscopic equations for the velocities in the liquid.
Lemma 4.4. Let V = χ∂W/∂t. Then
(45) τ0ρf
∂V
∂t
= µ1△yV −∇yR−∇xq, y ∈ Yf , t > 0;
(46) V = 0, y ∈ γ; V (y, 0) = 0, y ∈ Yf
in the case µ1 > 0, and
(47) τ0ρf
∂V
∂t
= −∇yR−∇xq, y ∈ Yf , t > 0;
(48) V · n = 0, y ∈ γ; V (y, 0) = 0, y ∈ Yf
in the case µ1 = 0.
In Eq.(48) n is the unit normal to γ.
Proof. Differential equations (45) and (47) follow as ε ց 0 from integral equality
(13) with the test function ψ = ϕ(xε−1) · h(x, t), where ϕ is solenoidal and finite
in Yf .
Boundary condition in (46) is the consequence of the two-scale convergence of
{α
1
2
µ∇xwε} to the function µ
1
2
1∇yW (x, t,y). On the strength of this convergence,
the function ∇yW (x, t,y) is L2-integrable in Y . The boundary condition (48)
follows from Eq.(38). 
4.3. Homogenized equations.
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Lemma 4.5. Weak and strong limits q and θ satisfy the initial-boundary value
problem
(49) τ0cˆp
∂θ
∂t
− β0f
p∗
∂p
∂t
= divx(B
θ · ∇ϑ), x ∈ Ω, t > 0;
(50) τ0θ(x, 0) = 0, x ∈ Ω; θ(x, 0) = θ0(x), x ∈ S, t > 0,
where a symmetric strictly positively defined matrix Bθ is defined by formula (53).
Proof. For i = 1, 2, 3 we consider the periodic in y model problems
(51) divy{K(y)(∇yΘi + ei)} = 0, y ∈ Y,
where (e1, e2, e3) are the standard Cartesian basis vectors, and put
(52) Θ =
3∑
i=1
(Θi ⊗ ei) · ∇xθ.
Then Θ solves the problem (51) and
(53) Bθ = κˆ0I+
3∑
i=1
〈K∇yΘsi 〉Y ⊗ ei).
All properties of the matrix Bθ are well known ( see [5], [12]). 
Lemma 4.6. The strong and weak limits θ, v = 〈V 〉Yf , p and q satisfy in ΩT
equation (36), Darcy’s law in the form
(54) v = −
∫ t
0
B1(µ1, t− τ) · ∇xq(x, τ)dτ
in the case of τ0 > 0 and µ1 > 0, Darcy’s law in the form
(55) v = −B2(µ1) · ∇xq
in the case of τ0 = 0 and, finally, Darcy’s law in the form
(56) v = − 1
τ0ρf
(mI−B3) ·
∫ t
0
∇xq(x, τ)dτ
in the case of µ1 = 0. The problem is supplemented by the boundary condition
(57) (v − v0) · n(x) = 0, x ∈ S, t > 0,
In Eqs. (54)–(57) n(x) is the unit normal vector to S at a point x ∈ S, and
symmetric strictly positively defined matrices B1(µ1, t), B2(µ1), and B3 are given
in [10].
The proof of these statements repeats the proof of Lemma 5.8 in [10].
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